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Abstract
R-matrices for the semicyclic representations of Uq ŝl(2) are found as
a specialization in the R-matrices of the checkerboard chiral Potts model
The chiral Potts model [1][2] is the first example of a new class of integrable
statistical mechanical models whose Boltzmann weights are meromorphic func-
tions on an algebraic variety of genus greater than 1. From the mathematical
point of view this model is related to the theory of cyclic representations of the
quantum algebra Uqŝl(2) at q
N = 1 [3]. This relation is expressed by the fact
that the R-matrix intertwining two tensor products of cyclic representations is
built up of the Boltzmann weights of the chiral Potts model [3][4].
In this paper we consider certain limit of the chiral Potts model which in the
algebraic language corresponds to the descent from the cyclic representation to
the semicyclic one [6]. Boltzmann weights remain well defined in this limit and
as a result we obtain R-matrices which intertwine semicyclic representations of
Uqŝl(2) and satisfy the Yang-Baxter equation.
Series of R-matrices were obtained for semicyclic representations of Uqsl(2)
in [7][8]. The R-matrices obtained here for the larger algebra Uq ŝl(2) may be
specialized to Uqsl(2) subalgebra. We checked that in the case N = 3 the R-
matrix from [7] is equivalent by a similarity transform to the R-matrix obtained
as a specialization in the chiral Potts model in this letter.
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1. Checkerboard chiral Potts R-matrix The chiral Potts model Boltz-
mann weights
Wξ,η(i)
Wξ,η(i− 1)
=
µξ
µη
yη − xξω
i
yξ − xηωi
,
W ξ,η(i)
W ξ,η(i− 1)
= µξµη
xξω − xηω
i
yη − yξωi
(1)
depend on two points ξ and η of two identical algebraic curves Cξ and Cη defined
by the relations
µN =
k′
1− kxN
=
1− kyN
k′
(2)
and the same for Cη. Also k
2 + k′2 = 1.
We shall associate [4] with every cyclic representation piξ of the quantum
algebra Uqŝl(2) two copies of the curve (2) which we shall denote by Cξ and Cξ′ .
The variables of the sets ξ = x, y, µ and ξ′ = x′, y′, µ′ as well as k are functions
of the parameters of the representation . Then the R-matrix intertwining tensor
products of two cyclic representations piξ and piη is given by [4] :
R(ξ, η) =
N∑
i,j,k,l=1
ωi(j−k)
(
Zj ⊗ Zk
) (
X−1 ⊗X
)i+l
×
W ξ,η(k)W ξ′,η′(j)Ŵξ′,η(i)Ŵξ,η′(l) (3)
where Z and X are N by N matrices satisfying :
ZX = ωXZ ZN = XN = 1 ω = q2 (4)
and Ŵξ,η is a Fourier transform of the Boltzmann weight (1) : Ŵξ,η(i) =∑N
k=1Wξ,η(k)ω
−ik.
Ŵξ,η(i)
Ŵξ,η(i − 1)
=
µηyξ − µξyηω
i−1
µηxη − µξxξωi
(5)
Throughout this paper we consider only the case N odd .
Matrix elements of the R-matrix (3) are vertex weights of the checkerboard chi-
ral Potts model [2], [5]
2. Taking limit in the Boltzmann weights. Here we take a special limit
in the checkerboard chiral Potts model which will allow us to get the R-matrices
for the semicyclic representations. It is shown in the appendix A that taking
2
the semicyclic limit in the cyclic representation is equivalent to the following
rescaling of the variables :
k = ε−NK, k′ = ε−NK ′ (6)
x = εX, y = ε−1Y, µ = ε−1M, x′ = ε−1X ′, y′ = εY ′, µ′ = εM ′ (7)
and subsequently setting ε to zero. The Boltzmann weights entering the R-
matrix are invariant under this rescaling :
Wξ′,η(i)
Wξ′,η(i− 1)
=
Mξ′
Mη
Yη −Xξ′ω
i
Yξ′ −Xηωi
Wξ,η′(i)
Wξ,η′(i − 1)
=
Mξ
Mη′
Yη′ −Xξω
i
Yξ −Xη′ωi
(8)
W ξ,η(i)
W ξ,η(i − 1)
=MξMη
Xξω −Xηω
i
Yη − Yξωi
W ξ′,η′(i)
W ξ′,η′(i− 1)
=Mξ′Mη′
Xξ′ω −Xη′ω
i
Yη′ − Yξ′ωi
(9)
The finite parts of the parameters X, Y . . . obey the following equations :
MN =
k′
1−KXN
=
ε2N −KY N
K ′
M ′
N
=
k′
ε2N −KX ′N
=
1−KY ′
N
K ′
(10)
with K2 + K ′
2
= ε2N . Let us now take the limit ε → 0. The Boltzmann
weights (7-8) remain well defined. The equations of the curve show that M is
proportional to Y and M ′ is prpoprional to 1/X ′. So the Boltzmann weights
(8,9) simplify and to describe them more neatly we introduce one more set of
parameters A,B,C,D defined by
A = K1/NY −1 B = −K1/NX C = K1/NX ′−1 D = −K1/NY ′ (11)
This set of parameters satisfy the equations of two Fermat curves :
AN = BN + 1 CN = DN + 1 (12)
The Boltzmann weights entering the R-matrix finally have the following form :
Wξ,η′(i)
Wξ,η′ (i− 1)
=
Dη −Bξω
i
Cη −Aξωi
Wξ′,η(i)
Wξ′,η(i− 1)
=
Cξ −Aηω
i
Dξ −Bηωi
(13)
W ξ,η(i)
W ξ,η(i− 1)
=
Bξω −Bηω
i
Aξ −Aηωi
W ξ′,η′(i)
W ξ′,η′(i− 1)
=
Cηω − Cξω
i
Dη −Dξωi
(14)
The periodicity propertyW (i+N) =W (i), W (i+N) =W (i) is guaranteed
by the equations (12).
3
3. R-matrix for the semicyclic representations of Uq ŝl(2) Here we
present the R-matrix and associated Hamiltonian.
The R-matrix intertwining two semicyclic representations piξ and piη (See Ap-
pendix A) as a result of the previous section is also given by the formula (3) with
Boltzmann weights (13,14). The intertwining condition can be proved along the
same lines as in the periodic case [4]. To prove the Yang-Baxter equation we
introduce four auxiliary Boltzmann weights :
Wξ,η(i)
Wξ,η(i− 1)
=
1− φBξAηω
i
1− φAξBηωi
Wξ′,η′(i)
Wξ′,η′(i − 1)
=
φCξDη − ω
i
φDξCη − ωi
(15)
W ξ′,η(i)
W ξ′,η(i− 1)
=
ω − φCξBηω
i
1− φDξAηωi
W ξ,η′(i)
W ξ,η′(i − 1)
=
φBξCηω − ω
i
φAξDη − ωi
(16)
We checked that the Boltzmann weights (13-14),(15-16) satisfy a set of eight
star-tringle equations
N∑
d=1
W q,r(b−d)Wp,r(a−d)W p,q(d−c) = Rp,q,rWp,q(a−b)W p,r(b−c)Wq,r(a−c)
(17)
with p,q and r replaced by both primed and unprimed indices and φ arbitrary
number. This set of equations imply the Yang-Baxter equation for the semi-
cyclic R-matrix of the form (3).The fact that the R-matrix (3) satisfies the
Yang-Baxter equation can also be derived from the intertwining property and
an indecomposability of the third-order tensor product of the semicyclic rep-
resentations of Uqŝl(2) at generic values of the parameters. If the restrictions
D = −qA,B = −q−1C are imposed on the parameters A,B,C,D we obtain
e0 = f1, and f0 = e1 in the representation of Uq ŝl(2) (see Appendix A) .And the
resulting R-matrix intertwins between the representations of finite dimensional
quantized algebra Uqsl(2). In the case N = 3 we checked that this R-matrix is
equivalent to the R-matrix of [7] by the similarity transformation.
The spin-chain hamiltonian corresponding to the R-matrix (3) can be ob-
tained using the standard procedure [2].To write down it we introduce the fol-
lowing operators:
Xi =
1
1 ⊗ · · ·⊗
i
X ⊗ · · ·⊗
L
1 Zi =
1
1 ⊗ · · ·⊗
i
Z ⊗ · · ·⊗
L
1 (18)
where i = 1, · · · , L ; L is the length of the periodic lattice , X and Z are the
same as in (4).In terms of these operators the hamiltonian reads as follows:
H =
L∑
j=1
hj,j+1, (19)
4
hj,j+1 =
N∑
n=1
F (n)X−nj X
n
j+1+
N∑
n,m=1
[G+(n,m)X
−n
j X
n
j+1Z
m
j +G−(n,m)X
−n
j X
n
j+1Z
m
j+1]
(20)
where the explicit form of the coefficients F,G+, G− is given in the appendix B.
The form of this hamiltonian is the same as of the general checkerboard chiral
Potts model. In the case of the well-known chiral Potts model the coefficients
G+(n,m) and G−(n,m) become proportional to δn,0 and the hamiltonian ac-
quires the usual form [1].
Appendix A
In this appendix we describe the Uqŝl(2) algebra and its cyclic and semicyclic
representations at qN = 1. After that we describe in detail the limiting proce-
dure used in section 2.
Quantized enveloping algebra Uq ŝl(2) is generated by the elements ti, t
−1
i , ei
and fi (i = 0, 1) subject to the relations
tit
−1
i = t
−1
i ti = 1 titj = tjti (21)
tiejt
−1
i = q
aij ej, tifjt
−1
i = q
−aijfj , [ei, fj ] =
ti − t
−1
i
qi − q
−1
i
δij (22)
with aij = 2, i = j and aij = −2, i 6= j. These generators also obey the Serre
relations.
Tensor products of representations are formed using the following comulti-
plication
∆(e0) = e0 ⊗ 1 + z
−1t0 ⊗ e0, ∆(e1) = e1 ⊗ 1 + z t1 ⊗ e1 (23)
∆(f0) = f0 ⊗ t
−1
0 + z ⊗ f0, ∆(f1) = f1 ⊗ t
−1
1 + z
−1 ⊗ f1 (24)
∆(ti) = ti ⊗ ti, ∆(z) = z ⊗ z (25)
z is central element commuting with the algebra Uqŝl(2). N-dimensional cyclic
representation of the quantum algebra Uqŝl(2) may be described in terms of the
two matrices Z and X and five complex parameters ξ = (a, b, x0, x1, c),
piξ(e0) = x0X
−1 b
2Z−1 − 1
q − q−1
, piξ(f0) = (abx0)
−1 a
2Z − 1
q − q−1
X (26)
piξ(f1) = (abx1)
−1X−1
b2Z−1 − 1
q − q−1
, piξ(e1) = x1
a2Z − 1
q − q−1
X (27)
piξ(t0) =
bZ−1
qa
, piξ(t1) =
qaZ
b
, piξ(z) = c (28)
R-matrix is an operator which intertwins tensor products of two representa-
tions piξ and piη taken in an alternated order :
R(ξ, η)(piξ ⊗ piη)∆(g) = (piη ⊗ piξ)∆(g)R(ξ, η) , for all g ∈ Uq ŝl(2). (29)
Necessary and sufficient condititon for an intertwiner between tensor products of
two cyclic representations piξ and piη to exist is that the following four quantities
should be the same in both representations.
γ1 =
xN1 (a
2N − 1)
1− aNb−NcN
, γ2 =
a2N − 1
aNbNxN0 (a
Nb−N − cN )
(30)
γ3 =
b2N − 1
aNbNxN1 (a
−NbN − c−N )
, γ4 =
xN0 (b
2N − 1)
1− a−NbNc−N
(31)
These four invariants are not independent but obey γ1γ3 = γ2γ4. In order to
write the R-matrix for the cyclic case in the factorized form a change of param-
eters {γ1, γ2, γ3, γ4, a, b, c, x0, x1} 7→ {k, k0, k1, x, y, µ, x
′, y′, µ′} is convenient.
k2 =
−1
γ1γ3
, kN0 = −kγ4, k
N
1 = −kγ1 (32)
x0 = kox
′, x1 = k1y
′, a2 =
xµµ′
y′
, b2 =
y
x′µµ′
, c = ab
y′
qx
(33)
Then the R-matrix satisfying (29) is given by (3) with the chiral Potts Boltz-
mann weights.
We will call N-dimensional representation of Uqŝl(2) semicyclic if e
N
1 and
fN0 are represented by non-zero scalars while e
N
0 = f
N
1 = 0 . In terms of the
parameters of the cyclic representation (26-28) this means b2N − 1 = 0.
Let piξ ξ = (a, b, c, x0, x1) and piη η = (aˆ, bˆ, cˆ, xˆ0, xˆ1) are two cyclic representa-
tions. Let also
b2N − 1 = ε2Nf bˆ2N − 1 = ε2N fˆ (34)
where f and fˆ are some finite functions of the parameters of the corresponding
representations and ε is a number. In limit the ε → 0 both representations
piξ and piη become semicyclic. Let us using the equations (32-33) to explicitely
single out powers of ε from the invariants and representation parameters :
γ3 = ε
2NΓ3 = ε
2NfG3, γ4 = ε
2NΓ4 = ε
2NfG4 γ1 = Γ1, γ2 = Γ2 (35)
k = ε−NK, k0 = εK0, k1 = ε
−1K1 (36)
x = εX, y = ε−1Y, µ = ε−1M, x′ = ε−1X ′, y′ = εY ′, µ′ = εM ′ (37)
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As is mentioned in the main text the Boltzmann weights are invariant under
this rescaling and we may safely set ε to zero. The invariants Γ1 and Γ2 still
play the role of necessary conditions for existing of the intertwiner. The initial
invariant conditions for γ3 and γ4 become an defining equation for the functions
f and fˆ from (34):
f
fˆ
=
Gˆ3
G3
=
Gˆ4
G4
(38)
The Boltzmann weights entering R-matrix (3) do not depend on the particular
choice of f and fˆ satisfying (38). The four other possible Boltzmann weights
become trivial in the semicyclic limit :
Wξ,η(i)
Wξ,η(i− 1)
= 1
Wξ′,η′(i)
Wξ′,η′(i− 1)
= 1
W ξ′,η(i)
W ξ′,η(i− 1)
= ω
W ξ,η′(i)
W ξ,η′(i− 1)
= 1
(39)
Appendix B
Here we list the coefficients G+, G−, F entering the hamiltonian (20):
F (n) =
N∑
i=1
Ŵξ,ξ′ (n− i)Ŵξ′ ,ξ(i)[
n−i∑
s=1
γ − δωs−1
Cξ −Dξωs
−
i∑
s=1
β − αωs−1
Bξ −Aξωs
]; (40)
G+(n,m) = E(n,m)W ξ′ ,ξ′ (m); G−(n,m) = E(n,−m)W ξ,ξ(m) (41)
where
E(n,m) =
N∑
i=1
ωimŴξ,ξ′ (i)Ŵξ′ ,ξ(n− i); (42)
(43)
and
W ξ′ ,ξ′ (i) =
γ
Cξ
(
Cξ
Dξ
)i
1− ωi
;W ξ,ξ(i) =
β
Bξ
(
Bξ
Aξ
)i
1− ω−i
; (44)
Ŵξ′ ,ξ(i) =
i∏
s=1
Cξ −Dξω
s−1
Aξ −Bξωs
; Ŵξ,ξ′ (i) =
i∏
s=1
Dξ − Cξω
s−1
Bξ −Aξωs
; (45)
where the parameters Aξ, Bξ, Cξ, Dξ, α, β, γ, δ satisfy the following equations:
ANξ = B
N
ξ + 1; C
N
ξ = D
N
ξ + 1; (46)
α = (
Bξ
Aξ
)N−1β; γ = (
Dξ
Cξ
)N−1δ; (47)
7
Summary. Quantum enveloping algebras at roots of unity have hierarchy of
irreducible multiparameter representations : cyclic → semicyclic → nilpotent
representations. In this letter we have shown that the process of specializing
the parameters in the cyclic representation of Uqŝl(2) to make it semicyclic goes
through on the R-matrix level also. We believe that the R-matrices from [8]
are equivalent to the R-matrices obtained here when the later are specialized
to the Uqsl(2) case. The limit to the nilpotent representations [10] is under
investigation.
The R-matrices for the cyclic representations of Uqŝl(2) are already known
[9] and it seems feasible to find the semicyclic limit in this case.
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